In this paper, we employ the properties of metamaterials to tailor the modes of metamaterial-dielectric waveguides operating at optical frequencies. We survey the effect of fishnet metamaterial structural parameters such as the magnetic oscillation strength, magnetic resonance frequency and magnetic damping on the double-negative refractive index frequency region in metamaterials and on the hybrid-modes in slab metamaterial-dielectric waveguides. To identify the robustness of the metamaterials to fluctuations in the metamaterial structural parameters, we investigate the behavior of metamaterials under Gaussian errors on their structural parameters. Our survey enables the identification of appropriate metamaterial unit-cell structure and the perEmail address:
Introduction
Metamaterials are artificially engineered materials with properties such as negative refractive index [1] and perfect absorption [2] . Metamaterials have promising applications ranging from perfect lenses [3, 4] and cloaking devices [5, 6] to electromagnetic (EM) waveguides [7, 8] . EM waveguides are able to confine and direct the energy of EM fields [9] with applications in radar and optical fiber [10] . In recent years, waveguide properties are improved by engineering metamaterials in the waveguide structures [8, 11, 12] . Different propagation characteristics and new kinds of modes [8, 13] make metamaterial waveguides appropriate candidates for guiding EM waves. One advantage of metamaterials is that their electromagnetic properties are tailorable to suit the desired application. Tailoring capabilities of metamaterials lies on varying the metamaterial structural parameters.
Metamaterial tailoring methods can be divided into three classes: (i) circuit tailoring methods to control the resonance frequency of the unit-cells [14, 15, 16, 17, 18] ; (ii) geometrical tailoring methods, which allow the modification of EM response by changing the geometry (size, orientation, period, etc.) of the unit-cell [19, 20] ; (iii) material tailoring methods where EM response of the material is modified under a suitable external stimulus like light, electric and magnetic field [21] .
We theoretically address the first two methods of tailoring metamaterial properties, namely circuit and geometrical tailoring. As the propagation characteristics of waveguides are affected by the properties of materials in the core and cladding [9] , the proper choice of waveguide material parameters is important. For the fishnet unit-cell metamaterials considered in this paper, the effective structural parameters are magnetic resonance frequency, magnetic damping and magnetic oscillation strength [22] . Fishnet metamaterials allow for a higher resonance frequency, compared to other known metamaterial unit-cells, which makes these metamaterials appropriate candidates at optical frequencies [22] .
Specifically, we theoretically investigate the effects of metamaterial structural parameters on the negative refractive index frequency region of meta-materials and analyze the robustness of the metamaterials to the inaccuracy of their structural parameters. We also investigate the effect of structural parameters on the modal behavior of slab metamaterial-dielectric waveguide with metamaterial cladding and dielectric core. By tailoring the metamaterial EM response, we can control modal characteristics of metamaterial waveguides according to the requirements. Our survey helps in choosing appropriate parameters when constructing these kinds of waveguides.
To characterize the EM responses of metamaterials to incident field, we investigate the behavior of refractive index. We analyze the modal behavior of metamaterial waveguides by employing metamaterials with different structural parameters. The relevant background of our approach is presented in Sec. 2. We detail our results in Sec. 3 and we conclude with a discussion of our theory in Sec. 4.
Theory and Approach
This section provides the relevant background and approach required to survey waveguide behavior considering metamaterial structural parameters. We begin with a brief review of EM susceptibilities of fishnet metamaterials and discuss the effective magnetic parameters in tailoring EM responses of metamaterial and the robustness of metamaterials to the inaccuracy of their structural parameters. We then present the characteristics of slab waveguide and discuss the modal behavior of metamaterial-dielectric slab waveguides.
Electromagnetic Susceptibilities
The permittivity of metamaterials is described by the Drude model [23] :
where ω p = e 2 n e /m e ε 0 is the electric plasma frequency, ε 0 is permittivity of free space, n e is density of electrons, e is the electric charge, m e is effective mass of electron and ε 0 is the permittivity of free space. In Eq. (1), Γ e is electric damping constant and ω is the operating frequency.
To describe the magnetic response of metamaterials we use the equivalent effective RLC circuits (an electrical circuit consisting of a resistor (R), an inductor (with inductance coefficient L), and a capacitor (C), connected in series or in parallel) [22] . Using this approach, the magnetic permeability of metamaterials is in the form of Drude-Lorentz model [22, 23] 
with ω 0 the magnetic resonance frequency, Γ m magnetic damping constant, F magnetic oscillation strength and µ 0 the permeability of free space. In Eq. (2), Γ m , ω 0 and F are functions of metamaterial structural parameters,
is the ratio of the inter-pair volume to the unit-cell volume of metamaterial. In Eq. (3), L is inductance, L e is kinetic inductance (both depend on metamaterial unit-cell parameters), l, t and u are the parameters of metamaterial unit-cell and V uc is volume of the unit-cell (as shown in Fig. 1(a) ) [22] . Equation (3) shows the dependence of F on metamaterial unit-cell parameters. Magnetic resonance frequency and magnetic damping of the fishnet meta-
depends on metamaterial unit-cell parameters (as in Fig. 1(a) ). Here, C is the capacitance of the circuit and R is the resistance of the system [22] . The refractive index of metamaterials
consists of real and imaginary parts of both permittivity and permeability terms , which depend on the metamaterial structural parameters. Equations The fishnet unit-cell structure with a the slabs width, u the neck width, l the length of slabs and t the separation between two slabs [22] and (b) Slab metamaterialdielectric waveguide with dielectric core (region 1) and metamaterial cladding (regions 2 and 3). Here w is the waveguide width and z is the propagation direction.
(1)- (5) express the effects of metamaterial structural parameters on the EM susceptibilities of metamaterials. We consider the structural parameters to vary in the acceptable ranges presented in literature [22, 24] . The magnetic oscillation strength varies in the range 0.1 − 1 [22] , magnetic damping in the range of 10 −5 Γ e < Γ m < Γ e [24] and magnetic resonance frequency in the range of 0.1ω e − 0.9ω e . Therefore the effective parameter space (containing acceptable variation range of F , ω 0 and Γ m ) is a three-dimensional real space. From this three-dimensional parameter space, we map to a two-dimensional complex space (for specific parameter choice). By choosing examples in the considered parameter space, we then characterize the effects of these parameters on the EM characteristics of metamaterial waveguides.
We also investigate robustness analysis of the systems affected by Gaussian errors on metamaterial structural parameters. A robustness analysis will allow us to determine the stability of the systems when errors in the structural parameters are present. Such errors can occur as a natural by-product of the metamaterial fabrication process or due to temperature fluctuations, for example.
Slab Waveguide
In this subsection we present the characteristics of slab waveguides and review the modal behavior of slab metamaterial-dielectric waveguides. Re-cent studies on modes' behavior EM waveguides are based on waveguides with different geometries and different materials [25] and the applications of metamaterials in waveguides have attracted interest [8, 13, 26] . In this paper, we study slab metamaterial-dielectric waveguide, with dielectric core and metamaterial cladding where the core with the width of w = 4πc/ω e is sandwiched by two metamaterial layers ( Fig. 1(b) ).
Slab metamaterial-dielectric waveguides can support transverse magnetic (TM) and transverse electric (TE) modes [8, 9] with three mode behaviors namely ordinary, surface-plasmon polariton (SPP) [26] and hybrid ordinary-SPP modes, which we simply call hybrid modes [13] . More specifically, hybrid modes are the product of two features in the transverse direction: evanescent (SPP modes) and oscillatory (ordinary modes) features [9, 13] . We determine the modal behavior of the waveguide by comparing the real and imaginary parts of the wave-number perpendicular to the waveguide propagation direction (Re(γ 1 )/Im(γ 1 )) [6] . The wave-number is obtained by numerically solving the waveguide modal dispersion equation. We focus on hybrid modes region, as this mode is one of the significant properties of metamaterial-dielectric waveguides. The condition for hybrid mode existence is 10 −2 ≤ Re(γ 1 )/Im(γ 1 ) ≤ 50 [13] . The dispersion equation for TM modes of a slab guide is [13] 
with γ j = k 2 z − ω 2 ε j µ j the complex wave number for the transverse component of the field, j = 1, 2, 3 refer to the core and two cladding layers, respectively [13] , k z the propagation constant and w the core width. To limit the number of metamaterial parameters we consider the symmetric waveguide, in which regions 2 and 3 are the same (ε 2 = ε 3 and γ 2 = γ 3 ).
We investigate the effects of metamaterial tailoring on hybrid mode behavior in metamaterial-dielectric waveguides. To study the modes' behavior, we compare the relative size of real and imaginary parts of γ 1 .
Results and discussion
In this section, we investigate the effect of metamaterial structural parameters on the behavior of refractive index in metamaterials. Furthermore, we analyze the robustness of metamaterials under fluctuations in structural parameters. We then analyze the behavior of hybrid modes in slab metamaterial-dielectric waveguides by varying metamaterial structural parameters.
Metamaterials
From the three-dimensional parameter space (F , ω 0 and Γ m ) of metamaterial structural parameters, we map the refractive index to a two-dimensional complex plane (Fig. 2(a) ) for a set of parameters presented in the caption of Fig. 2(a) . From this complex plane, we choose a point, for instance, to investigate the behavior of real and imaginary parts of refractive index as a function of the operating frequency ( Fig. 2(b) ). Fig. 2(b) we see that the real part of refractive index becomes negative in the frequency region 0.2ω e ≤ ω ≤ 0.3ω e (shaded region).
By considering different values for structural parameters in the threedimensional parameter space and mapping to the two-dimensional complex plane, we investigate the behavior of refractive index as illustrated in Figs. 3-5. We choose the parameter values in the permitted ranges to investigate the variations in EM responses of metamaterials and modes in the waveguides by varying metamaterial structural parameters. In Fig. 3(a) F at the frequency ω = 0.25ω e . By increasing F from 0.1 to 0.6, the real part of refractive index becomes more negative values and the imaginary part increases. From this two-dimensional complex plane presented in Fig. 3(a) , we investigate the variation of real part of refractive index by changing F and ω (Fig. 3) . Figs. 3 , the negative refractive index region increases. This change of n < 0 frequency region manifests the sensitiveness of metamaterial refractive index on the magnetic oscillation strength. Therefore, to achieve wider negative index regions, larger values of F are required. Conversely, if more sharp frequency region is required for negative refractive index, smaller F is needed.
We investigate the effect of magnetic resonance frequency on the refractive index of metamaterials by considering different values of ω 0 and fixed F and Γ m in three-dimensional parameter space. Figure 4 (a) presents the complex plane for variation of real and imaginary parts of the refractive index by changing ω 0 . By varying ω 0 from 0.1ω e to 0.5ω e , the real and imaginary parts of refractive index vary as Fig. 4(a) . The contour plots for the behavior of refractive index by varying ω 0 and ω is shown in Fig. 4(b). Figures 4(c) imaginary parts of refractive index shift to higher frequencies, as illustrated in Fig. 4 . For ω 0 = 0.1ω e , the negative refractive index region is 0.1ω e ≤ ω ≤ 0.15ω e and increasing ω 0 to 0.35ω e shifts this negative refractive index region to 0.35ω e ≤ ω ≤ 0.5ω e . Therefore, increasing ω 0 shifts the negative refractive index region to higher frequencies. The next parameter is magnetic damping constant whose effect on the negative-index region is illustrated in Figs. 5. Figure 5(a) represents the variation of real and imaginary parts of refractive index by changing magnetic damping at ω = 0.28ω e . We consider a different frequency, than the previous parameters, for investigating the effect of Γ m because the effects of changing Γ m is more obvious at this frequency. By decreasing Γ m the real part of refractive index gets less negative values where the imaginary part becomes smaller (reaches to zero at very small values of Γ m ). Figure 5 (b) verifies that by increasing Γ m , the real part of refractive index gets more negative values. To see the effect of Γ m on the imaginary part of refractive index we refer to Fig 5(c) , which is the variation of real and imaginary parts of refractive index by varying frequency for Γ m = 0.01Γ e . Figure 5(c) shows that by decreasing magnetic damping constant, the imaginary part of refractive index reduces where, absorption is very small for 0.2ω e ≤ ω ≤ 0.3ω e frequency region by decreasing Γ m to Γ m = 0.01Γ e .
In this subsection, we presented a brief overview for the effects of metamaterial structural parameters on the EM response of these materials. Our results demonstrate the fact that three effective metamaterial structural parameters generate a three-dimensional parameter space, from which we map to two-dimensional complex plane for the refractive index of metamaterials. As our results present, each point in the three-dimensional parameter space corresponds to a specific EM response from metamaterials that enables the user-intended applications of these structures.
The problem with each point in the three-dimensional parameter space is that metamaterials construction doesn't allow the consideration of exact value for each of three structural parameters of metamaterials. Such a restriction requires considering a three-dimensional volume (with permitted fluctuations in each of the parameters) around each point in space, instead of considering an exact point, to be more realistic. Considering the parameters fluctuations require more analysis to show the robustness of the metamaterial systems to errors in their structures. 
Robustness Analysis
Robustness of a system is its ability to tolerate perturbations of the input parameters [27] . Examining the robustness of metamaterials under fluctuations of their structural parameters gives us a sense of the ability of metamaterials to resist fluctuations in the metamaterial structural parameters. We examine the robustness of the metamaterials by applying Gaussian errors on metamaterial structural parameters in the three-dimensional parameter space, consisting of ω 0 , F and Γ m . Figure 6 shows the variation of metamaterial refractive index as a function of frequency by adding 10% Gaussian fluctuations on the structural parameters. By applying Gaussian errors to the input parameters, the functional form of metamaterial refractive index doesn't change (compare Figs. 2  and 6 ). The robust response to the Gaussian error in the input parameters demonstrates the ability of metamaterials to resist change without adapting the initial parameters. This robustness is more evident in Figs. 7(a)-(c) . We examined the robustness of metamaterials by considering Gaussian fluctuations in metamaterial structural parameters. Our results demonstrate the robustness of metamaterials to the inaccuracy in structural parameters up to the level of almost 10% fluctuations in each parameter in the three- dimensional parameter space, which are the facts of realistic metamaterials [28] .
Metamaterial Waveguides
By considering the effect of metamaterials structural parameters on the EM properties of metamaterials, we now investigate the influence of metamaterial tailoring on the modes' behavior in metamaterial-dielectric waveguides. The supported modes of a waveguide depend on a number of parameters including waveguides geometry, material, and operating frequency [12] . Previous work shows that hybrid modes exist in metamaterial-dielectric waveguides in the region that 10 −2 ≤ Re(γ 1 )/Im(γ 1 ) ≤ 50 [13] . We use this property of hybrid modes to investigate their behavior under tailoring metamaterials EM responses.
We consider TM 0 and TM 1 modes as examples to study the behavior of modes in the waveguide by tailoring metamaterial structure. The behavior of real to imaginary parts of γ 1 for metamaterial-dielectric slab waveguide for the set of parameters as Fig. 2 is presented in Fig. 8 . Figure 8 shows that the hybrid modes exist in the frequency region 0.2ω e ≤ ω ≤ 0.3ω e for TM 0 and 0.2ω e ≤ ω ≤ 0.45ω e for TM 1 modes.
We now investigate the effect of variations in metamaterials structural parameters on the hybrid modes' behavior in the metamaterial-dielectric waveguide. Figures 9(a) The effect of varying ω 0 on the behavior of hybrid modes is shown in Figs. 9(c) and (d) , that show the shift of hybrid modes frequency region, for TM 0 and TM 1 modes, to higher frequencies with increasing magnetic resonance frequency. By decreasing γ m , the behavior of both TM 0 and TM 1 modes changes such that no hybrid modes exist for both TM 0 and TM 1 mode (Fig. 9(e) ). Therefore, the existence of damping for metamaterials in the waveguides cladding is required for having hybrid modes.
Conclusion
We employed the structural parameters of metamaterials, as magnetic oscillation strength, magnetic resonance frequency and magnetic damping constant, to investigate their influence on the refractive index of metamaterials and modes' behavior in metamaterial-based waveguides. We also analyzed the robustness of metamaterials to the errors in the metamaterial structural parameters. Our survey shows that the magnetic oscillation strength has the ability to increase or decrease the negative refractive index frequency region and hybrid-mode region, whereas, magnetic resonance frequency shifts this frequency region. The magnetic damping affects value of refractive index as by increasing magnetic damping the real part of refractive index gets more negative value.
Our investigations verify the effectiveness of metamaterials structural parameters on the double-negative refractive index frequency region of metamaterials and modes' behavior in metamaterial waveguides. The results in this paper give an intuition to the choice of metamaterial unit-cell parameters for experimental construction of user intended metamaterial-based waveguides.
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